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TROPICAL GRASSMANNIAN
AND TROPICAL LINEAR VARIETIES FROM
PHYLOGENETIC TREES
ARITRA SEN AND AMBEDKAR DUKKIPATI
Abstract. In this paper we study tropicalization of Grassmannian and
linear varieties. In particular, we study the tropical linear spaces cor-
responding to the phylogenetic trees. We prove that corresponding to
each subtree of the phylogenetic tree there is a point on the tropical
grassmannian. We deduce a necessary and sufficient condition for it to
be on the facet of the tropical linear space.
1. Introduction
Tropical algebraic geometry is a new area that studies objects from al-
gebraic geometry using tools of combinatorics. The key process in tropical
geometry is that of tropicalization, where an algebraic variety is degener-
ated to a polyhedral complex. The resulting polyhedral complex encodes
information about the original algebraic variety that can now be studied
using the tools of combinatorics (Maclagan & Sturmfels, 2009). One of
the main achievements of this field was due to the works of Mikhalkin
(2003), where it was shown that Gromov-Witten invariants of a curve in
plane can be calculated by counting lattice paths in polygons. This ap-
proach led to combinatorial proofs of many identities in enumerative geom-
etry (Gathmann & Markwig, 2008).
The tropical grassmanian is obtained from the tropicalization of the grass-
manian. It is known that the tropicalization of Gr(n, 2) is a polyhedral
complex, in which each point corresponds to a phylogenetic tree. Just like
the classical grassmanian that parametrizes the linear varieties, the tropical
grassmanian parametrizes the tropical linear varieties (Speyer & Sturmfels,
2004). It has been shown, using the representation theory of SLn(C), that
the image of the tropicalization of Gr(n, 2) under the generalized dissimilar-
ity map is contained in the tropicalization of Gr(n, r) (Manon, 2011). Here,
we study the tropical linear varieties that correspond to these images. We
show that for each sub-tree of a tree there is a point on the tropical linear
space. We then prove a necessary and sufficient condition for it to be on the
facet of the tropical linear space.
2. Grassmannian
Let V be an n-dimensional vector space over the field K i.e., V ∼= Kn,
then the Grassmannian Gr(n, r) is the set of all r-dimensional subspaces of
1
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V . Gr(n, 1) is the set of all one-dimensional subspaces of V. If k = R or C,
this is nothing but the projective space P(R) or P(C).
Let a1, . . . , ar be r linear independent vectors in K
n, therefore they span a
r-dimensional subspace. LetMr×n be the matrix with row vectors a1, . . . , ar.
Since, a1, . . . , ar are linearly independent the rank of Mr×n is r. So, to each
r-rank r×n matrix one can associate an r-dimensional subspace of Kn. But
this mapping is not one-one as there can be more than one r−rank r × n
matrix that can give rise to the same subspace.
Let σ be an r-element subset of [n] = 1, 2, . . . , n. Let Mσ denote the r× r
submatrix of Mr×n such that column indices coming from σ. Now consider
the list m = (det(Mσ) : σ ⊂ [n]). Let Nr×n be any other r × n matrix .
Then Nr×n andMr×n have the same row span (therefore represent the same
r-dimensional subspace of Kn if and only if the list m = (det(Mσ) : σ ⊂ [n])
and n = (det(Nσ) : σ ⊂ [n]) are multiple of each other.
Theorem 2.1. (Miller & Sturmfels, 2005) Two r × n matrices Nr×n and
Mr×n have the same row space if and only if there exists a ∈ K
∗ such that
for all r-element subset σ ⊂ [n]
det(Mσ) = adet(Nσ) .
From this we can say that each r-dimensional subspace of Kn corresponds
to a
(n
r
)
vector upto a constant multiple. Therefore each r-dimensional
subspace of Kn corresponds to a point in P(
n
r
)−1. Hence, Gr(n, r) can be
thought of as a subset of P(
n
r
)−1.
Consider the map f : Gr(V, r) → P{
∧i=m
i=1 V }, where
∧
represents a
wedge (or exterior) product. Let w1, . . . wr be the basis of a r-dimensional
vector subspace W of V , then f(W ) = w1 . . .∧wr. Now, suppose w
′
1, . . . w
′
r
is a basis for W . Consider the column vector Wc consisting of w1, . . . wr
as its elements and the column vector W ′c consisting of w
′
1, . . . , w
′
r. Then
there exists an invertible matrix A, such thatW ′ = AW . Using the Leibnitz
formula for determinants, we can see that w1∧. . .∧wr = det(A)w1∧. . .∧w
′
r.
Therefore the map f is well-defined.
Now, a vector lies in the image of f , if and only if u ∈
∧r
V can be
written in the form of u = w1 ∧ . . . ∧ wr. If e1, . . . , en is a basis of V,
then eI = ei1 ∧ . . . ∧ eir where {i1, . . . ir} ∈
(
[n]
r
)
forms a basis of
∧r
V . If
x ∈
∧r V then x = Σ
I∈([n]
r
)aIeI and aI are the homogeneous coordinates
of x. Now consider the map mu(v) = v ∧ u. So, u lies in the image of f
if and only the kernel of mu is r-dimensional.The homogeneous coordinates
of u in P
∧r
V are the entries of the matrix of mu and since it nullity r
every (n− r+1)× (n− r+ 1) submatrix of mu will have zero determinant.
Therefore, Gr(n, r) is a projective variety in P(
n
r
)−1 and Gr(n, r) is the zero
set of a homogeneous ideal in K[X1, . . . ,X(n
r
)]. This homogeneous ideal is
called the Plucker ideal.
33. Dissimilarity maps and Tree
A map D:
([n]
2
)
→ R is called a dissimilarity map. Let T be a weighted
tree with n nodes labeled by the set [n] = {1, 2, 3, . . . , n}. Every tree induces
a dissimilarity map such that D(i, j) is the length of the path between the
leaves i and j. A natural question one can pose is given a dissimilarity map
when does it come from a tree. The answer is given by the tree metric
theorem .
Theorem 3.1. (Buneman, 1974) Let D be a dissimilarity map. The map
D comes from a tree if and only if the the four-point condition holds i.e.
for all i, j, k and l ∈ [n] (not necessarily distinct) then the maximum of
three number is achieved at least twice D(i, j)+D(k, l),D(i, k)+D(j, l) and
D(i, l) +D(j, k). The tree realizing w is distinct.
Now we look at a further generalization of the dissimilarity map. Let
D′ be a map from
([n]
r
)
to R. Let i1, . . . , im ∈ [n] be distinct. Consider
the dissimilarity map D′, such that D′(i1, . . . , ir) equals the weight of the
smallest tree containing the leaf nodes i1, . . . , ir. The following theorem tells
us how can we calculate D′ from D.
Theorem 3.2. Let φm : R(
[n]
2 ) → R(
[n]
r
) such that D → D′
D′({i1, . . . , im}) = min
1
2
(D(i1, iσ(1))+D(iσ(1), iσ2(1))+. . .+D(iσm−1(1), iσm(1))) ,
where σ is a cyclic permutation.
4. Tropical Algebraic Geometry
Let K represent the field of puiseux series over C i.e.,
K = C{{t}} =
⋃
n≥1
C((t1/n)) .
Let val : K → R represent the valuation map which takes a series to its
lowest exponent. Let f ∈ K[X1, . . . ,Xn] and f =
∑
a∈N
caX
a, ca ∈ K.
The tropicalization of the polynomial f is defined as
trop(f) = min(val(ca) +X.a).
Definition 4.1. Let f ∈ K[X1, . . . Xn]. The tropical hypersurface trop(V (f))
is the set
{w ∈ Rn : the minimum in trop(f) is achieved at least twice} .
Definition 4.2. Let I be an ideal of K[X1 . . . Xn] and X = V (I) be variety
of I. The tropicalization of X is defined as
trop(X) =
⋂
f∈I
trop(V (f)) ⊂ Rn .
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Now we present the various characterization of the set trop(V (f)). The
following theorem is also called the fundamental theorem of tropical geom-
etry.
Theorem 4.3. Let I be ideal of in K[X1, . . . Xn] and X = V (I) be the
variety defined by I. Then the following sets coincide
1. The tropical variety trop(X), and
2. the closure in Rn (euclidean topology) of the set Val(X)
Val(X) = {(val(u1), . . . , val(un)) : (u1, . . . , un) ∈ X} .
So, the tropicalization of a variety is the image of the variety under the
valuation map.
5. Tropicalization of Grassmannian
Definition 5.1. For any two sequences 1 ≤ i1 < i2 < . . . < ik−1 ≤ n and
1 ≤ j1 ≤ j2 < . . . < jn, the following relation is called Plucker relation
k+1∑
a=1
(−1)api1,i2,...ik−1,japj1,j2,,ĵa...jk+1,
Here ĵa means that it is omitted.
Let Ik,n denote the homogeneous ideal generated by all the plucker rela-
tions. We have already stated that Gr(k, n) is a projective variety in P(
n
k
)−1.
Gr(k, n) is the zero set of the plucker ideal, i.e. Gr(k, n) = V (Ik,n). So, the
tropical Grassmannian is the trop(V (Ik,n)) and is denoted by Gk.n.
5.1. Gk,n and the space of phylogenetic trees. When k=2, the plucker
ideal I2,n is generated by three term plucker relations, pi,jpk,ℓ − pi,kpj,l +
pi,lpj,k, i.e.,
I2,n = (pi,jpk,l − pi,kpj,l + pi,lpj,k : i, j, k, l ∈ [n]) .
Therefore, Gk.n = Trop(I2,n) =
⋂
trop(V (pi,jpk, l − pi,kpj,l + pi,lpj,k)). But
trop(V (pi,jpk, l−pi,kpj,l+pi,lpj,k)) is the set of all points where the minimum
of pi,j + pk, l, pi,k + pj,l and pi, l + pj,k is achieved twice, that is exactly the
four-point condition of the tree metric theorem mentioned above. So, we
get the following result
Theorem 5.2. G2.n = Tn=space of all trees (phylogenetic trees).
5.2. Tropical Linear spaces. The Grassmannian is the simplest example
of modulli space as each point of the Grassmannian corresponds to a lin-
ear variety. In a similar way we can think of the tropical Grassmannian as
parametrizing the tropical linear spaces. Each point of the tropical Grass-
mannian corresponds to a tropical linear space. In this section, we look at
tropical linear spaces which are in the image of the G2,k under the generalized
dissimilarity map.
Theorem 5.3. (Manon, 2011) φk(G2.n) ⊂ Gn,k
5Let v ∈ G2,k. Consider the point φ
k(v) ∈ Gn,k. Let TLv denote the
tropical linear space associated to v.
Theorem 5.4. Let T be the tree realizing v and (v1, . . . , vn) be the distance
of the leaf nodes from the root of T . Then the point (v1, . . . , vn) lies in the
tropical linear space TLv.
Proof. We use theorem 2.2 to deduce the above result. Let σ be the permu-
tation for which
Dr({i1, . . . ir}) =
1
2
((D(i1, σ(i1)) +D(σ(i1), σ
2(i1))
+D(σ2(i1), σ
3(i1)) + . . .+D(σ
r−1(i1), σ
r(ir))
Now xik+xi′k ≥ D(ik, i
′
k), since D(ik, i
′
k) is the length of the shortest path
between ik and i
′
k.Therefore,
((x1 + xσ(1)) + (xσ(i1) + xσ(i2)) + (xσ(i2) + xσi3 + . . .+ xσ(ir−1 + xσ(ir) ≥
(D(i1, σ(i1)) +D(σ(i1), σ
2(i1)) +D(σ
2(i1), σ
3(i1)) + . . .+
D(σr−1(ir−1), σ
r(ir))
From which we get
xi1 + xi2 + . . . + xir ≥
1
2
(D(i1, σ(i1))+D(σ(i1), σ
2(i1))+
D(σ2(i1), σ
3(i1)) + . . .+D(σ
r−1(ir−1), σ
r(ir)))
Now using theorem 2.2 We get xi1 + xi2 + . . .+ xir ≥ D(i1, . . . ir). 
The above statement is actually a special case of a more general theo-
rem. Let x be any internal node in our tree, let xTL ∈ R
n represent the
(w(l1, x), . . . w(ln, x)).
Theorem 5.5. Every internal node of T corresponds to a distinct point in
the TL(T ).
Proof. We show that each of the xTL belong TL(T ). Let xTL = (x1, . . . xn).
We proceed as above, let σ be the permutation for which
Dr({i1, . . . , ir}) =
1
2
((D(i1, σ(i1)) +D(σ(i1), σ
2(i1))
+D(σ2(i1), σ
3(i1)) + . . .+D(σ
r−1(i1), σ
r(ir)).
Now xik+xi′k ≥ D(ik, i
′
k), since D(ik, i
′
k) is the length of the shortest path
between ik and i
′
k and w(x, ik) + w(x, i
′
k) ≥ D(ik, i
′
k). Therefore,
((x1 + xσ(1)) + (xσ(i1) + xσ(i2)) + (xσ(i2) + xσi3 + . . .+ xσ(ir−1 + xσ(ir) ≥
(D(i1, σ(i1)) +D(σ(i1), σ
2(i1)) +D(σ
2(i1), σ
3(i1)) + . . .
+D(σr−1(ir−1), σ
r(ir)).
From which we get
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xi1 + xi2 + . . .+ xir ≥
1
2
(D(i1, σ(i1)) +D(σ(i1), σ
2(i1))
+D(σ2(i1), σ
3(i1)) + . . .+D(σ
r−1(ir−1), σ
r(ir)).
Now using theorem 2.2 We have xi1 + xi2 . . .+ xir ≥ D
r(i1, . . . , ir).
Now, we prove that xTL and x
′
TL are distinct if x and x
′ are distinct nodes.
To see this, first note that the smallest subtree of T containing the leaf nodes
of T= {l1, l2, . . . , ln} is T itself, because if we remove any vertex from T , then
both the connected components of the tree after deletion contain leaf nodes.
Therefore, there exists a leaf node l such that the shortest path from l to
x must pass through x′ ,so xℓ must be greater than x
′
ℓ and we immediately
get the result. 
Now we extend this result from the nodes of T to sub-trees of T . Let T ′
be the sub-tree of T consisting only internal nodes. Consider x′T ∈ R
n and
x′T = (w(1, T
′) + cT ′, w(2, T ′) + cT ′, w(3, T ′) + cT ′, . . . , w(r, T ′) + cT ′).
Theorem 5.6. For every T ′ in T , x′T lies in TL(T )
Proof. Consider the leaf nodes i1, . . . ir. Suppose d = 0 be the shortest dis-
tance between the smallest tree containing i1, . . . ir and T . Let the shortest
path between ik and T
′ be (ik, . . . , dk). Since, d = 0, dk lies in the short-
est tree containing i1, . . . ir. Also, no other vertex of T
′ lies in the path
(ik . . . , dk) other than dk, otherwise it will contradict the minimality crite-
ria. Now, let v be a node contained both in tree T ′ and the smallest tree
containing i1, . . . ir. Now
w(i1, v1) + w(i2, v2) + . . . +w(ir , vr) +w(v1, v)+w(v2, v) + . . .+ w(vr, v)
≥ Dr({i1, . . . , ir}).
So, we get
w(i1, v1) + w(i2, v2) + . . .+ w(ir , vr)
≥ Dr({i1, . . . , ir})− {w(v1, v) + w(v2, v) + . . .+ w(vr, v)}.
Now,adding T ′ on both side, we get
w(i1, v1) + w(i2, v2) + . . .+ w(ir, vr) + T
′
≥ Dr({i1, . . . , ir})− {w(i2, v2) + . . .
+ w(ir, v3) + w(v1, v) + w(v2, v) + . . .+ w(vr, v)} + T
′.
Since, v, v1, . . . vr belong to T
′, T ′ − {w(i2, v2) + . . .+w(ir, v3) +w(v1, v) +
w(v2, v) + . . . + w(vr, v)} is positive.
Now, let x′T = (x1, . . . , xn). We get
xi1 + xi2 + . . . xir = w(i1, s) + w(i2, s) + w(i3, s) + . . . w(ir, s) + rd+ T
′
≥ Dr({i1, . . . ir}) + rd+ T
′ ≥ Dr({i1, . . . ir}).
7Now let us assume d > 0 be the shortest distance between the small-
est tree containing i1, . . . ir and T
′. Now let the shortest path from the
smallest tree containing i1, . . . , ir and T
′ be s, v1, v2, . . . , t. Then short-
est the path from ik to T
′ is ik, . . . , s, . . . , t, because if the path is some-
thing different ik, . . . , s
′, . . . , t′, then either ik, . . . , s, . . . , s
′ will form a cy-
cle or ik, . . . , d, . . . , d
′ will form a cycle. Now, let x′T = (x1, . . . + xn).
w(ir, T ) = w(ir, s) + d. Therefore,
xi1 + xi2 + . . .+ xir = w(i1, s) + w(i2, s) + w(i3, s) + . . .+ w(ir, s) + rd+ T
′
≥ Dr({i1, . . . ir}) + rd+ T
′ ≥ Dr({i1, . . . ir}).

Now, we study the points which lie on facets of the TL(T ). We deduce a
necessary and sufficient condition on T ′ for xT ′ to be on the facet of TL(T ).
Theorem 5.7. A necessary condition for x′T to lie on the facet of TL(T )
is that there exists {i1, . . . , ir} ∈
([n]
r
)
such that smallest tree containing
{i1, . . . , ir} also contains T
′.
Proof. We prove it by contradiction. Suppose that T is not contained in the
smallest tree containing {i1, . . . ir} for any {i1, . . . , ir} ∈
([n]
r
)
. Now, there
are two cases the distance.
Suppose the distance between T and smallest tree containing {i1, . . . ir}, d >
0. Now let the shortest path from the smallest tree containing i1, . . . , ir and
T ′ be s, v1, v2 . . . , t. As in the proof above we get
xi1 + xi2 + . . .+ xir = w(i1, s) + w(i2, s) + w(i3, s) + . . .+ w(ir, s) + rd+ T
′
≥ Dr({i1, . . . ir}) + rd+ T
′ ≥ Dr({i1, . . . ir}).
Now in this both rd and T ′ are non-zero positive integers. From which
we get
xi1 + xi2 + . . .+ xir = w(i1, s) + w(i2, s) + w(i3, s) + . . .+ w(ir, s) + rd+ T
′
> Dr({i1, . . . , ir}).
Hence we get the result.
Now, suppose d = 0. In that case we get
w(i1, v1) + w(i2, v2) + . . .+ w(ir, vr) + T
′ ≥ Dr({i1, . . . ir})− {w(i2, v2)
+ . . .+ w(ir, v3) + w(v1, v) + w(v2, v) + . . .+ w(vr, v)} + T
′.
Now, since we T ′ is not contained in the smallest tree containing {i1, . . . , ir},
T ′−{w(i2, v2)+ . . .+w(ir, v3)+w(v1, v)+w(v2, v)+ . . .+w(vr, v)} is strictly
greater than zero. So,
xi1 + xi2 + . . .+ xir > D
r({i1, . . . , ir}).

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Let in(v, T ′) denote the set of all vertices appearing in the shortest path
from v and T except the beginning and the end vertices. Now we get our
necessary and sufficient condition for x′T to lie on the facet.
Theorem 5.8. x′T lie on the facet of TL(T ) iff there exists a S = {i1, . . . ir} ∈(
[n]
r
)
such that T ′ is contained in the smallest tree containing i1, . . . ir and⋂
k∈T in(v, T
′) = φ.
Proof. We have xi1+xi2+. . .+xir ≥ D
r({i1, . . . ir}). Now, T
′ ∩ in(ik, T
′) =
φ for all k ∈ 1, 2, . . . , r because otherwise it will contradict the minimality
of the path from ik to T
′. Now since
⋂
k∈T in(v, T
′) = φ, every vertex of
appears at most once in xi1 + xi2 + . . .+ xir which implies
xi1 + xi2 + . . . + xir ≤ D
r({i1, . . . ir}).
Therefore, we get
xi1 + xi2 + . . .+ xir = D
r({i1, . . . , ir}).
and hence the result. 
6. Conclusion
We have shown here how the tropical linear spaces corresponding to a
phylogenetic tree encodes various information about the tree.
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